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The description of the electron oscillations of a collisionless plasma by the usual residual pre-
sentation is insufficient in the initial phase of time development and for perturbations of small
velocity spread. We derived criteria for the number of residual terms which have to be taken into
account and obtain analytic expressions for the remaining integral. Decomposing the initial per-
turbation into velocity beams we show that Landau damping is due to phase mixing caused by free
streaming of particle beams modified through the response of the main plasma body.

I. Introduction

Vlasov ! derived the dispersion relation for longi-
tudinal electrostatic waves in a collisionless plasma.
Landau 2 extended his result showing that an arhi-
trary (analytic) perturbation of the collisionless
plasma propagates approximately in the form of
longitudinal waves which appear exponentially
damped in time.

Wave damping in a system free of dissipative
effects naturally raised the interest of experimental
and theoretical physicists. For some time even the
existence of Landau damping was questioned ®.

Landau’s work was criticized for the validity of
the linearization (Backus*) and of the time asymp-
totic representation of the solution (Hayes 3, Weitz-
ner %) and for the use of the dispersion model
underlying Vlasov's equation (Ecker and Holling 7).

Since Landau’s derivation was a purely mathe-
matical one and did not show any physical mecha-
nism several papers try to provide a physical ex-
planation of Landau damping (Jackson®, Dawson?).

Recently the existence of Landau damping has
been established experimentally (Malmberg et al.!?)
and its non dissipative nature was confirmed by the
observation of echoes (Malmberg et al. 1),

I1. The Phenomenon of Landau Damping

Consider a fully ionized collisionless unbounded
plasma in which the ions, merely providing a homo-
geneous smeared out neutralizing charge back
ground, are regarded as immobile and where the
particles interact through a curlfree electric field.
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In this model the time development of a suffi-
ciently small perturbation f(k, u,t) of a homo-
geneous and stationary electron distribution F(u)
is given by the linearized Vlasov equation
2

(i +iku)/(k.u,t) =ik

3 F'(u)n(k,1) .,

n(kt)=[f(ku,t)du. (1)
The initial value problem of Eq. (1) can be solved
by means of Laplace transformation (Landau?) or by
expanding a given initial perturbation f(k,u,1=0)
in a sum of eigenfunctionals (Van Kampen 2,
Case 13),

We use the notations of the Van Kampen for-
malism: For any square integrable function h(z)
with the Fourier transform h(p) there are defined
positive and negative frequency parts by

T 0
ho(@)=[h(p)erdp, h_(z)=[h(p)erdp
(2)

which are analytic in the upper (%,) or lower
(%_) complex half plane respectively. On the real
axis h(x) =h . (x) +h_(2) holds. In terms of these
plus functions the time dependent density perturba-
tion is given for a stable* stationary state F(u)
and for positive times in the form

7. (ky ok, t=0)
e, (k,ofk)

nik,t) = g e “d(mfk); t>0.

(3)

* By stability is meant stability according to Penrose's
criterion (Penrose '*) which guarantees the absence of
eigenmodes of complex phase velocity and consequently
the completeness of the real spectrum Van Kampen
modes.
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The denominator of this integral is the positive

frequency part of the dielectric function
+ 20

w,? F'(u)

k2 S u— w/k

- 00

e(k,wfk) =1 du . (4)

The integral (3) decays by phase-mixing. An
asymptotic evaluation for large times ¢ is possible
if the distribution functions f(z) and F(z) can be
continued analytically into some strip 0 = Im(z)
= —a. In this case [, (z) and £, (z) have analytic
continuations in the same domain. By application
of the theorem of residues we get then (for ¢>0)

n(k,t) = > Res n(k,m)e it

i w=wik)
. dw
4 — it , 5
+rfn(k,u)e 2 i (5)
with
itk - 2 i fJI.',fu/k,t:O}. (6)

k e, (k,o/k)

The sum is extended over all residues lying above
the contour I" shifted arbitrarily within the domain
of analyticity.

If the integral term of Eq. (5) can be neglected
it follows that in the limit t—~ the contribution
of the zero of ¢, situated closest to the real w-axis
is dominant. The time development of the perturba-
tion becomes asymptotically an exponentially
damped harmonic oscillation. This damping process
is called Landau damping.

I11. Statement of the Problem and Intent

The expansion (5) gives the exact description of
the time dependence of our problem. However, it is
common practice to restrict the evaluation and dis-
cussion of this time dependence to the consideration
of the first terms.

It is our intent to investigale whether such a
procedure is justified for reasonable times. To this
end we proceed as follows:

First —to justify the above practice — we should
give conditions under which the contribution of the
integral can be neglected in comparison to the sum
of the residuals. In the range outside of these con-
ditions we aim to develop an analytic expression for
the finite contribution of the integral (Section IV.1).

Secondly — in the range where the integral con-
tribution is negligible — we investigate the conver-
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gence of the sum of the residuals and determine
how many terms should be taken into account to
represent the sum with a given accuracy (Section
1V. 2).

Thirdly we study the circumstances under which
the usual representation of the sum by the “weakest
damped Landau pair of residuals” is a good ap-
proximation (Section IV. 3).

Finally the preceding investigation of the various
contributions to the time density development sheds
light on the physical background of the analytic
description which we discuss in Section V.

The appendices provide information on the di-
electric function and its zeros which is needed for
the above described analysis.

Our results are illustrated by numerical evalua-
tions the procedures of which are also described in
the appendices.

IV. Criticism of the Asymptotic Evaluation
of the Density Perturbation

To be specific we now restrict our investigation
to the most important case of Maxwellian distribu-
tions for the unperturbed plasma and the initial
perturbation:

F(u) = [1/V27u,) exp{ —u?/2u?}, (7)

fllou,t=0) = A(E) [B/V2au,)lexp{ — f2u®/2us} .
(8)

Note that due to the parameter [ the widths of the
unperturbed and perturbed distributions are dif-
ferent.

V.1 Contribution of the Remaining Integral

By the choice (7), (8) for the velocity distribu-
tion functions we ensure that f, and &, can be
continuated analytically into the entire complex
o[k plane. Therefore the remaining integral of
Eq. (5)

iy SR ¥,3=0)

e, (k1)
 (kip)?
 2ai

[dve
I'n

SEI@ ettt (9)

where
Z(f2)

!: = - o b ?
) = ki) EZ(0)
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can be studied for a sequence of integration paths
with the following properties *:
a) I', avoids the zeros of £, within % _
b) The index n numerates the number of pairs of
residues included in the sum of residues
¢) For n— o the distance of I', from the origin
tends to infinity
We choose half-circles

Fﬂ={i‘.H‘=gneffP,{)Z(pg_ﬂ}

for the integration contour in order to make use of
Jordan’s lemma **. It is sufficient to discuss the
domain 0= ¢ = —a/2 since the integral along
—a/2Z @ = — = is the complex conjugate of the
integral along the arc0 = ¢ = —a1/2 which follows
from the symmetry relation Z(—{*) = —Z*({).

Choosing o, so large that the asymptotic repre-
sentation of the dispersion function

ZO)~2iVaexp{ -2 -1/C

Im:I<0

(10)

is valid along I', we get for I({) the approximation

Z(po)
1+ (k2p)?+LZ(2)

iVaep (- - (B

(kip)2+2iValexp(—C?)
For |{|> (kip)2/2 Va the poles of the integrand
are situated close to the ray ¢ = —a/4 (or =
—3/47) [cf. Equation (A2)]. The integration
path avoids these singularities if we ensure for
= —n/d
exp{i(p—o®sin2¢+n/2)} =1

or o, =Va(2n—1/4). (12)
For n—~ the distance of the integration path
from the origin thus tends to infinity,
Distinguishing three intervals of the azimuthal
angle @

T

(11)

g 1 4Vac
Sy s el) B s
(@ 0z¢= 4 ¥ 20,7 tn (kip)®’
@ 1 4 Vao, 7
Bl e il Tl o e
R PR TTREE Sa
and (¢) —-wfd=Z@p=—af2

we get the following estimates:

*L=wm/VZkul For Z(l) see Appendix A.

** The integrals along the real axis from —oc to —oy, and
{from o, to 420 do not contribute in the limit 6, — oo,
since I({) ~1/{ holds for large | (| on the real axis
(compare the following estimate of I in the domain of
small azimuthal angle which is still valid on the real
axis).
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In the domain (a)
l(kip)2+2iVale*

and consequently

>3 (kip)?

1F]
for |{|—= =

Forge oy
B(kip)® ¢
holds.

In the domain (c) we get
I~ exp{—2(F-1)}.

If # =1 holds then 7 has the asymptotic behaviour
1/ for |{|—c in this domain, too.

In the interval (b) the integrand becomes large
because the integration path comes close to zeros of
the dispersion function. We have choosen o, thus
that i exp(—C?) takes for ¢ = —7/4 a real and
positive value [see Equation (12)]. The increment
A necessary to make

exp{+ip—io’sin2¢+in/2}
purely imaginary is determined by

+Ap—26%(Ap)? = L a2

1)2
orsince Adp=o (—1,,— In((k ) )) holds
o? o
by }_’J(pﬁg-];i };
For
g Va 1 7T
g M D5 e B
22 ¢=%="17

the estimate |(kip)2+2iVale " |>(kip)? holds.
This interval covers the domain (b) completely for
o—>~c. Consequently the integrand I behaves like
1/ in the domain (b) when |{|=0 tends to in-
finity.

Summarizing, we have shown that

1. for =1 I({) behaves like 1/ on the whole
integration contour for I:i—*)"t According to
Jordan’s lemma the integral (9) vanishes for
n—>oc, the time ¢ being positive nonvanishing,

2. for f>1 in the interval (c) I({) tends to in-
finity like (" lexp{—C2(f2—1)} for || — .
In this case the integral (9) gives a contribution
which must be added to the sum of residues.

We now estimate this contribution which is not

covered by the sum of residues when f>1 holds.
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We do this by constructing a function A(Z) holo-
morphic in % _ — {0} with the properties
Z(B0) for [Efrse
14+ (kAp)2+2Z(2) \te®. - {0};
h(5)—0 for ' —~ within the intervals (a) and
(b)
Z(BE) —h(O)[1+ (kip)®+LZ(0)]
~e (- [F]) =~ within (¢).
[/#*] denotes the largest integer smaller than /.
The contribution not met by the sum of residues
then is given by
(ke ;~Ir)2
2i

| =

- h(D)—=0

for |

f h()e- VE2Rult =
R —i0

n(t) = (13)
The construction of 2(J) and the evaluation of the
integral (13) is straightforward but somewhat
lengthy. We therefore just give the result:

In the range 2 = #*>1 we find explicitely

(nlx /-.1))2 ( ku(,t ) a
= ————erfc |- —1: 2= p°
n(t) 5 erfc y2(2-1) )’ 2.2 #F0.
(14)
For f2>2 we can give only an approximalion
- —_ ) 2 |1‘1| . 32 SAr—1
R A B N i L=
r=1 T
kugt )
e | = 7[] -
i lerfe (1/2(/72—1') ) (15)

Here, " erfc(x) denotes the repeated integral of the
error function.

Numerical evaluations are shown in Figs. 1 and
2*. Figure 1 demonstrates that for equal tem-
peratures of the perturbation and the unperturbed
plasma the representation by sums of residues is
valid after one plasma period. If the velocity distri-
bution of the perturbation has a smaller width, how-
ever, the exact result differs from the sum of resi-
dues for the entire time interval in which there still
exists an appreciable perturbation (Figure 2). This
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discrepancy is due to the nonvanishing remaining
integral. The analytic expression (14) was verified
numerically.

nik,t)
“a
kg =1
08 Bed
0.4
a o
1 \/ 5 7 g
-0,2
V2 kugt

Fig. 1. Exact perturbation development (a) compared with
approximations by sums of one (b), three (c), and twenty-
five (d) pairs of residues.

nik,t)
1
a
08 khp=1
B=2
05}
d
04 [/c“\
0,2
5 I —
! \/‘ 5 7 9
————V—Tkuat
Fig. 2. Time development of a perturbation of a smaller

width (a). For comparison the sums of 1, 3, resp. 25 pairs
of residues [ (b) to (d)] are given.

1V. 2 Convergence of the Sum of Residues

We consider the convergence of the sum of residues for the most important case =1 only. Using the
theorem of residues for the evaluation of the density perturbation we get

Pites (K, 8) = — (kAp)® 2 exp{ —i V2L, kuyt} Z(5) 15 27(5) +Z2(5) .

(10)

*The numerical procedure used is described in Appendix D,
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By I, we denote the series of zeros of the dispersion equation. Inserting

. 1 5 ey P - - L 5
Z(Cp)=— — []-Jn‘(k/*l})-]s Z(*r;)=_2[1+w.-z(~.rt\"] =2(kip)*, (17)

=h

using the notation £, =z, +iy, and collecting the residues at the poles [, and — ,* vyields

npes (ko) rucos (V2 kugt) —s,sin(V22, kugt) z
2(1+ (kip)?] T+ 5,7 exp{VZyakuot), (13)

Tn?=2~1‘n2-2yug*1— (k;‘D)z; 311:24xuyn-

To check the convergence of this series we consider its terms for NV so large that the asymptotic formulas

(A 2) hold for n = N. Using

2 2 2Va sy 3
T," =Yy, 21“(9., (k;ln)g) ’ :rnyn'ﬂ - (H-l- E'):T (19)
and neglecting In[2/(kip)?] —1— (kZp) 2 against In(2n+ %) the remainder after N terms becomes

Ry(k,t)]
2[1+ (kip)3] ~a

Estimating the terms of the series (20) by

In(2n+ }cosx,+ (4n+ §)sinx,

e—}!n S S, U S o S,

) AR | L B i
3 (n@2n+ DE+a2(dnst )2 s #r=V2aln+ Hhuyt. (20)

18

L, In(2n+) cos#,+ (4n+ §)sinx, In(2n+3) + (4n+de*(1-9.,) 21)
(n2n+HP+a%(4n+§)? a2 (4n+3)?
the absolute convergence of the sum of residues follows for 0 <t < ~:
Ry (k)] {In(2N+§)+1 ( 71)} .
201+ (kip)?] 422N+ 1) +(1—0640) e In |14+ v )] (22)

For t— 0 the series of moduli does not converge
uniformly. Improving the estimate of the sum over
the sine terms (which give the nonuniformity at
t=10)

‘s'. exp ( — #,) sin #,
n=N 43(’1+3/8)

~ }ImE, [#,(1—i)] (23)

we see that the value of Ry is still time dependent
through xy=[27(N+3/8)]"kuyt. In order to
guarantee a given degree of exactness of the repre-
sentation by the sum of residues N must be in-
creased for t— 0 according to

N~ (kugt) 2. (24)

The nonuniformity of convergence in the initial
phase — which can bee seen in Figs.1 and 2 al-
ready — is demonstrated in Fig.3 by a drastic
increase in the number of residues summed up.

1V. 3 Validity of the One Pole Approximation

The magnitude of the n-th residue is given by the
Fig. 3. Nonuniformity of convergence of the sum of residues

expo‘nenual exp{}?y,,kuo t}' TO_ ensure that the at t=0, The sum of residues extends over M-100 pairs of
relative error of the representation by the least residues.
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damped pair of residues alone is smaller than ¢ it
is necessary to demand

exp (V2 kuyt(y, —yo) s <e. (25)
that after
period of oscillation the further residues do not
contribute essentially. From Fig. 4 we see that for
the rather modest exactness requirement &=0.1,
already the condition ¢ = T (k) must be fulfilled.
Consequently it is not restrictive to neglect the resi-
dues n = 2 for the discussion of the validity of the
one pole representation.

Our numerical evaluations show one

Since ¥, <3< 0 holds there always exisls a time
fulfilling condition (25). In Fig. 4 we show this
minimum time in units of the oscillation period
Tk) =V2alkuyz,.

We remark that the minimum time of Fig. 4 for
the validity of the representation by one residue
holds for the exact values of the least damped
branch of the dispersion equation, only. The va-
lidity of Landau’s formulas (A 3. A4) is further
restricted by the asymptotic method of evaluation to

the domain k7 <0.3.

G. Ecker and G. Fromling - Collisionless Plasma Oscillations

V. Physical Mechanism of Landau Damping

Free-motion-models for Landau damping were
already suggested in the pioneering time of Vlasov
theory. In a system of non-interacting particles the
velocity spread causes heavy damping of spatial
inhomogeneities proportional to exp (—a*). Col-
lective electrostatic forces tend to maintain order
with the result that perturbations in such a long
range interacting system disappear less rapidly ac-
cording to exp (—yt). The original ideas of the
“FREE STREAMING MODEL” or “PHASE MIXING
MODEL"" have been elucidated by Van Kampen '3

The main criticism of the above models is that so
far one has not been able to move from a merely
qualitative description to a quantitative account.

Other attempts to interprete Landau damping
may be grouped under the heading “ENERGY EX-
CHANGE MODELS”. The fact that a system with a
particle velocity distribution which exhibits a gap
around the phase velocity of the wave does not show
Landau damping seems to indicate that the Landau
damping phenomenon is closely related to those
particles which move with velocities near the phase

L\ \ € = 0,0001

€ = 0.001

Yo

01 1 0

Fig. 4. Minimum time (in units of the oscillation period) after which
the representation by the Landau poles reaches the relative exactness ¢,

Fig. 5. Time development of the absolute value of the density
| n(k,t)| for various values of kip als calculated from the Vlasov
equation (light lines) and as calculated for free streaming (heavy
line). Note that the tips (tending to —~) indicate the zeros of the

oscillation.

— 2k
Intk,t)] ¢ 5 10 15
1
10°F
10—1,’_
1000
kg
10"
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velocity. The term “energy exchange models” em-
braces the “TRAPPED PARTICLE MODEL®’ and the
“RESONANT ENERGY TRANSFER MODEL % 167,

Both “energy exchange models” allow in the
range of long wave lengths the quantitative calcu-
lation of the Landau damping decrement, — apart
from a numerical factor. However the basically
macroscopic approach of these models clearly is
unable to give any information about microscopic
details of the Landau mechanism.

The “trapped particle model” suffers from the
fact that trapping and untrapping of particles are
non-linear effects and cannot be responsible for
Landau damping which is a linear effect.

The “resonant energy transfer model” does not
clearly define the interval of the resonant velocities.
Furthermore the assumption appears not very con-
vincing that at the time ¢ =0 the resonant particles
are neither affected by nor do affect the electrostatic
wave.

We aim here to corroborate the “phase mixing
model” by developing it to a quantitative formu-
lation.

Let us first compare the time development of the
density of Vlasov solutions with that of the cor-
responding interactionfree free streaming model.

The corresponding results—numerical solutions—
are found in Figure 5.

The figure shows that in the initial phase the free
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The effect of the collective interaction on the free
streaming decay is shown by the deviation of the
Vlasov curves from the free streaming curve to
higher values. It occurs at a later time if k4y is
larger. Even this can be understod if one remembers
that collective influences develop on a time scale
@, ' which in the units (ku,) ! (characteristic
free streaming time) turns out to be proportional
to k/..n.

Damping of an initial velocity perturbation in a
system of non-interacting particles appears in the
form

ny(kyt) = [ f(k,u,t=0) e " du
=[f.e-™idy for t>0. (26)

When the particles do interact the different ve-
locities u contribute to a different amount due to
the response function ¢, (k,u):

fo (kb u,t=0
e (k)

~

n(k,t) = [ du Al t>0.

(27)
The density develops in time as if we had free
streaming with an initial perturbation modified by
the factor &, '. Therefore the problem is to un-
derstand physically the modification of the contribu-
tion of each velocity beam by the plasma response.
To this end we study the plasma response in a
form similar to the test particle picture developed
by Rostoker 7. Consider as an initial perturbation
a beam of electrons of velocity u, .

for

streaming decay is always a good approximation. folu, t=0) =6 (u—u,) . (28)
Vlasov’s equation
ik[u— (ofk) —i0] fi,(k,u, ®) =i(wy2/k) F'(u) [ du’ fi,(k, v/, @) +fi,(t=0) (29)
gives for the Fourier transform of the perturbation
_ [ _ Fw } 1
fo ey, @) = { B (u—wk—i0)¢, (ko/k) T Blu—m) (k=30 ° B
The inverse transformation yields
it g2 exp ik, — ofk)t) { af  Flu) 8 (u— }
holkym8) =e fd(k ) Smiuy—wlk—i0) | ¥ (a—afi—i0)e, @k ~ow-w - G

For large times the factor exp {i k(w, —w[k)t} /27 i(uw,— o[k —i0) can be replaced by the Dirac func-

tion 6 (uy, — @/k). Therefore we write

_ - ikt ; 3 ‘
fh(k! u, t) =e e, (uh) fn.h (u) + ‘-lh‘b (32)
where
~ B ,? F'(u) i Cm)? F'(u) ( ) m,? \ F'(u)_dui) 5(n— 33
fﬂh (u) — k2 ufug,fi() +"0(uh_)é(ukuh) = k::_u Pu—uh T 1' kg ":p u—uw, (IL I‘Llr) ( )
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is Van Kampen’s mode of the phase velocity u;, and where 1,, denotes the remainder

exp{ —ikt(wfk)}
2 7 i(uy— wfk—i0)

A, (u) = ‘\d ('L‘)
Averaging A, with a test function g(u;,) we find

; B w E.,fﬂ)
(‘J”u ) o Sd ( k ){-" ((l)/k)

Sduhg(ub)
“a

Since the integrated brackets disappear identically
we have

(4y,) =0 (36)

for any test function. Note that Eq. (36) holds for
all times ¢t > 0.

Our calculation yields that the response of the
plasma to the initial velocity beam together with
that beam results in a Van Kampen mode modified
with the factor #, ! and an additional term A,
which does not contribute after averaging. Super-
position of these dressed beams thus gives the
general solution (27) of the initial value problem.

We have shown that Landau damping can be
understood as a consequence of free streaming of
particle velocity beams modified by the response of
the plasma body. The damping is always weaker
than that caused by corresponding free streaming
without plasma response since the collective reac-
tions counteract this latter dispersion effect. The
non dissipative nature of Landau damping is self
evident in this free streaming or phase mixing con-
cept.

VI. Summary

We have shown that the evaluation by sums of
residues of the plasma perturbation fails in the ini-
tial phase of time development and — which is of
greater interest — for initial perturbations which are
sharply peaked.

If the velocity spread of the perturbation is small
in comparison to that of the unperturbed plasma

+ 00
B rr)'.,2 1 S t
Bu? Va ) -

oc

£, (£) =1

—e” thuy b (urln o ”J/k) ] {

expl —ikt(wfk)}
2ail(u,—ofk—i0)

_#

Ef{(}‘('{)?z) F Pt )~ Sl — ) }
(34)
g~ ikuyt a (uh - (r_j/k}"
) {g_(y] exp{—ikt(w/k)}  glo]k)exp{ Ik“{w (35)
27i(u—w/k—i0) 2ai(wk—u—i0) |’ 5

then there remains a non negligible contribution of
the contour integral. We give analytic results for
this additional term.

If the velocity spread is equal or larger than that
of the plasma body then the sum of residues con-
verges lowards the true perturbation function for
positive times (non zero). However, to obtain a
good approximation for small times the number of
residues taken into account increases with 172,

After one oscillation all modes exept the two
least damped ones have disappeared as can be seen
from our numerical evalutions. The one pole-
Landau-approximation is valid after a minimum
time which depends of the wavelength as shown in

Figure 4.

Our physical interpretation of Landau damping
starts from a decomposition of the initial perturba-
tion into velocity beams. Then we study the modifi-
cation of these beams due to the response of the
main plasma body and find Van Kampen modes
multiplied by the factor ¢. ! plus a remaining
term. Applying the free streaming concept to these
modified beams we arrive at the Landau solution.
Landau damping is due to phase mixing caused by
free streaming of particle beams modified through
the response of the plasma body.

Appendices
A) Properties of the Dielectric Function

The positive frequency part of the dielectric
function (4) takes for F(u) Maxwellian the form

—di=14—2 [L4+LZ(D)] (A1)
g k? uy®
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when Im () >0 holds. It can be defined by its ana-
Iytic continuation when Im(J) = 0 holds. I is the
dimensionless phase velocity w/VZku,. Z(I)
denotes the dispersion function which has bheen
introduced by Jackson ® and tabulated by Fried and
Conte 1.

Since the Maxwellian distribution function is
stable (cf. footnote * on page 1863) zeros of £, (J)
can lie in ¥ _ only where ¢, (l) is defined by
analytic continuation.

Z(Z) is holomorphic in the entire complex plane
because it is the Cauchy integral of a function which
is holomorphic in the entire plane. Since the func-
tion e " has an essential singularity at infinity the
same holds for Z((). Consequently ¢, () has an
infinite number of zeros clustering at infinity.

From Eq. (A1) we see that —(* is a zero of ¢,
when { is a zero. Consequently we can restrict the
discussion to 0 = ¢ = — /2 [we use the notation
S=oexplig)].

For (€% _, [Im({)| = |Re(£)|>1 an approxi-
mation of Z({) can be justified which yields

- =

Bu22Vaom2=Vi2+ 2 exp{l2-1L2 } n=0,1,...,
arctan (5;/6) =250 +a(2n+1)

By iterative solution of (A5) another asymptotic
representation can be obtained.
Especially for n =0 we get (with |5 > [5,)

—Giexp{{2)} =K u22Vawz2; = —a/2;(A6)

the asymptotic expression for the branch of the
least damped mode for @,2/k?u,* <€ 1.

Apart from the asymptotic evaluations given the
zeros of &, are amenable to numeric calculation,
only. We describe our numerical procedure for
Z(Z) and for the evaluation of the zeros of ¢, in
the following appendices.

In Fig. 6 we shown the first twenty-five branches
of zeros of the dispersion equation. The imaginary
part of the zeros is plotted against the real part of
the zeros for 0 < k/;, < 10% To demonstrate the
concentration of the zeros on the ray —Im(J) =
Re(Z) we have drawn the curves 1 +Re[lZ(2)]
= — (k4p)?, which connect zeros of equal k/ij on
different branches, too.

1871
On= 1-’7(2 n-+ 3/4)
14 - 1 I 2 V.‘tm.uz On for n>1.
G == == —
£ 4 20,2 = k2 u02
(A2)
The zeros cluster at infinity along the ray ¢ = —z/4.

In the limit (€% _, [Im(J) < |Re(l), []|>1

we get (consistently for ,2/k*u,> > 1)

. > 3 Baug?

t2= P —4- 6 —2 +.... (A3
CT gk T2 YO, Y (A
Gi= —Valltexp{ -2} (A4)

frequency and damping decrement of the branch of
the least damped mode for i > ij,. Equation (A 4)
gives the Landau damping decrement.

In the limit ®,2/k*u,® €1 the modulus of the
zeros gets large for the first branches of zeros al-
ready whereas the limit arg({)= —a/4 still does
not apply. In this case we get the system of equa-
tions

w2 u? < 1. (A5)

-10
Fig. 6.

The first twenty-five branches of zeros of the disper-
sion equation.
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B) Numerical Procedures for the Dispersion Function

The dispersion function is closely related to the complex error function which we approximate by

—z?

f(z+iy) = =
erf(x+iy) =erfz+ e

o+ g%

T n=1

Here the auxiliary functions f, and g, are given by

[(1—cos2zxy) +isin2xy]
2 - exp{firn:’}

fu=2x—2xcoshnrcos2xy +nsinhnysin2zy,

gu=2xcoshnrsin2zy +nsinhnycos2xy.

The error «(z,7) of (B1) can be estimated by
(B3)

This approximation is taken from the Handbook of
Mathematical Functions 5.

For Im(J) <0 and |Im({)| = [Re(J) > 1 the
dispersion function gets very steep due to the factor
exp(—?). This is the reason why our procedure
works for ¥ <0 in the domain y*—2”<83 only.
If > ~2*>10 or |y|>9 or |2/>9 holds we rest
content with an asymptotic representation.

le(z,y) = 107 erf(x +iy)]|.

Comparing our procedure with that of Fried and
Conte " we can say that it is much simpler and
more economical in the use of computer time. The
numerical conformity with data given in'* is almost
complete.

C) Zeros of the Dispersion Equation

The zeros of the dispersion Eq. (A1) are eval-
uated by Newton iteration. We start with the ap-

n2+4‘1_2 [/u(-rsy)wLi!Iu(I,y}] +F(-T,y)- {B])
(B2)

proximation
= (142 (kip)®*](2kip) 5 y=0 (C1)

for the Landau branch
k71, < 0.5 holds and with

(n=0) of zeros when

g=[a(n+P]"; y= -2 (C2)

in all other cases.

These initial approximations are sufficient to
ensure convergence against the zero of the n-th
branch. Because of the steepness and quick oscil-
lation of Z() this fact is not obvious. To exclude
convergence against the zero of another branch of
solutions we control the number of the branch using
[cf. Equation (A5)].

(C3)

n=
2=

(arc-tan ;{ —2.1‘_1;)* l

This relation discriminates the branches of zeros
even out of the range of validity of Equation (A 5).

D) Time Development of Density Perturbations

The calculation of the time dependent density perturbation by summation of residues is obvious when
the loci of the zeros of the dispersion equation are known.
The exact development of the perturbation is evaluated by two different methods:

a) by integration of

+ o0

n(k, 1) = 3 (kﬁ.p)zﬂgcos(}/flfkuot)

0

Im[Z(BE) (B i +1 4L 2% (2)))
| iy

L1 Ta
+1+LZ(0)|2 ‘

oo

=2(khﬁu+wamg
:T u

0

along the real axis.

cos(V2( kuyt) ImZ(2)
[l + 145202

dZ for f=1 (D1)

Difficulties arise for kip <€ 1 or #2 1. For k/;, €1 the integrand becomes steep because the Landau
zero comes close to the real axis. By subtraction and addition of the contribution of the resonance this
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difficulty can be remended. For 2> 1 the integrand is steep near £ =0 due to the nominator ImZ ()
= Vaexp(— f22%). This can be overcome by a drastic reduction of the length of the integration step,
only.

b) by numerical treatment of the integral equation equivalent lo Vlasov’s equation

n(k,t) =n;(k,t) —(v)penfr np(k,7)n(k,t —7)dr (D2)

where n; and nj are the free streaming functions
np=[f(ksu,t=0)e * ' du snp=[F(u) e ™ du. (D 3)

Both methods give identical results.

Method b) is free from difficulties when kZi; gets small or 7 gets large.

Since the time integral (D 2) is of the convolution type the calculation of n(k,t) bases on values of
n(k,t') at times ¢ <t, only.

In the dimensionless time variable »: =2 kuyt=i0" the recursion reads for equidistant time steps

ra

n(i) =n;(i) — Tk

n(0) =n;(0) .
The main advantage of method b) is that the distribution functions f(k,u,t=0) and F(u) can be
choosen arbitrarily whereas in the case a) new subroutines for the Hilbert transforms of these distribu-

tions must be developed. So the numerical treatment of non-maxwellian distributions is possible without
further preparation.

i-1
2 2jne(j)nli=j) +inp(@)|, (D 4)

This work has been performed under the auspices of the Sonderforschungsbereich 162 “Plasmaphysik
Bochum/Jiilich”.

1 A. Vlasov, J. Phys. 9, 25 [1945]. 1t J, H. Malmberg, C. B. Wharton, R. W, Gould, and T. M.
? L. D. Landau, J. Phys. 10, 25 [1946]. O’Neill, Phys. Fluids 11, 1147 [1968].
3 J. F. Denisse, C. R. Acad. Sci. (France) 253, 1539 12 N. G. Van Kampen, Physica 21, 949 [1955].
[1961] ; 254, 4158 [1962]. 13 K. M. Case, Ann. Phys. (N. Y.) 7, 349 [1959].
4 G. Backus, J. Math. Phys. 1, 178 [1960]. 14 0. Penrose, Phys. Fluids 3, 258 [1960].
5 N. J. Hayes, Phys. Fluids 4, 1387 [1961]. 15 N. G. Van Kampen and B. U. Felderhof, Theoretical
6 H. Weitzner, Proc. of Symp. in Applied Math., p. 127, Methods in Plasma Physics, North-Holland P.C., Amster-
American Math. Soc., Providence 1967, and references dam 1967.
therein. 1 D. B. Chang, Phys. Fluids 7. 1980 [1964].
7 G. Ecker and J. Holling, Phys. Fluids 6, 70 [1963]. 17 N. Rostoker, Phys. Fluids 7, 479 [1964].
8 J. D. Jackson, Plasma Phys. (J. Nucl. Energy C) 1, 171 1 M. Abramowitz and I. A. Stegun. Handbook of Mathe-
[1960]. matical Functions, Dover P., New York 1965.
% J. Dawson, Phys. Fluids 4, 869 [1961]. 19 B. D. Fried and S. D. Conte, The Plasma Dispersion
10 . H. Malmberg, C. B. Wharton, and W. E. Drummond, Function, Academic Press, New York 1961.

Plasma Phys. and Contr. Nucl. Fus. Res, I, p. 485
(1965).



